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1.* STAThMUET OF THE PROBLEM

Oneo of the probiums which arises when a computer is utilized in data-

3anNIVsis y ttLa,, is. the vinvurston oi the iLncoming data to a form which can

b used is input to the cumputur. When a dIgital computer is u.cd in the

system, thts convursiun Is usually mido by some sort of analog-to-digital

converter which transforms the incoming ulectrical s.gnal into a nuw signal

oul a mure us-iubl| form. For instanco, this aaw. signal Lan be fed diructly

into thu cumputur ttr-,ugh 4uimn t)p. of lin,. -,)upiur, or bu used to punch a

nut 0 c)d.-d Lmtburi uti paper tapu or cards which v.n hu input to thu cumputer

at a lat.r timn.

In mr-any ,.%uv ti,, &nai)sis tu bu purfurmod t1- -t.tiaItkcL in naturu in an

much A. tho cumput,- output Is thu vaiuu of curtain statist',-v which cnablus

thu .xporimunt,:r to =nAkv dv•.cain-4 tabout thu phunumvnun bving ubirvwd. T:.siu

d.cistuinot shuLiL als ays hu wuighud by ,avknuwlvdlgitn thu virrors *htih art, in-

ht'rjnt in a my-tv•. of this t~pv. In this eavu thu error is Introdu-cd by thu

h.irdw.tio u%;;d In thu cunv-ri.un proccit which t ran~f4,ov-, the data [rum analog

to di;It-l , fAI(,-f.

Thu r..ns,,n fur this -rrtir it the following: unitt.illy tho: Intuming•

,i,.ttrt--. vitgn.il Is 3.amplvd in ttmve and a now %wv. Invm ii proctlu,-vd *htch h.12

discrt'It "mp~itudt.- kt di:crvto t L:.v int.rval* . Tht, magnitudk- of %cacýh of thuvsu

implitudv.s Ls thun "roundtd off" to VuknM pIl'Vuj•tvrmkncd amplitude iuvel which is

nv~rtst to tho value of the. sampled ,taplitude. This is ruferred to as thu

quAntlAitton proct'ss and the prdetemrined a-plitude•u vuls arv called quAnti-

atLiun lcvuli. The combinud process, asplainK in timL .and quantizing the rc-

vulting 4mplitude i* ciLvud the digitizing prucut. ,nd rusultj in a .'ut of

ditivruto data points. Thu computer uvvs this lattvr #.,t of points to calculateII
&° " •'7
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certain statistical qtssnttitos which represent, Lin sQoe Sv.nldt, tht. orLgLnnl

vLŽetriLAl signil vid thtrt1oriv thk phyILCII phLnumtnlon b(Lr.ig i tudLou.

rhe quetistu• which atis.* &-6 whvther or not thv cumpiitrt ,t ,t0Lt• aret

in fact rmprt-sanlativ, of thu1 true, vi1luit of tit ititiLttt:s •t•ich *uuId hb

Qobtainod it it wtrL pumibIbL to tvitputv thsm for the i-%umng tt i~trical !Jgnj

By stmulating f l - d'hte.z&ing paucts, on i digta&l c.umputtr &,.d uptritlta on

simplu known wivsfurm% this paptr 4tM..ptn to d.v%:lup A tevehntqut hLh mtgkr.t

pruvie uitifu3 in Invkiting tht'iv prvisitmv.
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2. SIMPLIFICATION4 OF THE PROBLEM

- It has been pointed out in the previous section that the signal trans-

formation of primary intcrcat is the digitizing procvus. In partiLular It t-

desirable to tnvestigate the effect which the inaloR-to-dgitakIl converter has

In pwrturbtng the vilues of certain statistics from their truc valuus. One way

of attacking this probli.m is an expvrinitntal one %hvrby the. analog or the actual

.amplint and quantlting proccl.s is dtvw Loped as a compute.r program. This program

can then be uwied to operate on the mithvmA..Iai analog of thv wav,.form under

consid•'rtLur, to prnduLV a nvw v0, of :'at.i point.i whtih r, pre.lintw th., qaliantfztd

.implttudd.s at SucL%4,41IVt %amplk" tin.v U'4ing this dat-i th- -4impLt 4t-tt%%tc•'4

..an b4 vraLtulatacl and .aamp~rcd vilth tht: 'truv valuk," whith, In thLu ca-10, clin

bi. t'aicul-ttd dirtctly using• tht mathtmltLLu *'-pr-,jakn for the inLomtng wav.-

form. This procadure t'an bte rt•patvd for miny t--mbtn atiomn. alf iamplin r t.,s

and quanatitifl itw -l, untitl ajot .i- tar. mint or lick of .agrk••r• t | o•,n t.,.n the tw•a

*%-I% ofi rk-*ultievin kK atietvmriAifl.i.

Fiquris 2.1 , and J-.Lb 4how .h" % 4v otto , slat.h r, -it t •wh- n th," dtaig i t tml

prlc;va is applttd to i line sav, %up, I t1pe..id- ,1nin .4 %t &ov % at l•-i. . it ix [a rly

obviouis f rom vivan tht st %irpit' .ak-t -hi., I nAt III dh. kLt w g a aiV ot hksVIl A aa

lArger numb-Ir of 4impl,- anti a 1argar fl't~tIr of auinta ai -&t oll 1-. tia'*rtmb.

skirt clao--ly thl.; ortbIMAl sink, w~ave.L it m,aa.t ra. ,A.tabi.' t,. -iy th i' tntt at.kt ii.

ttis in this ilttir .-i-t. agKh! havt' v lti.-i n114 Itr to tha tiult talu-si taiazlta'c o

the basis of the oritginal was'Lorm.

Throughout the, rm3kitdtr uf thii pipu'r otly the. iin,. *Avw will bc iotI',h I I.,.

Thkis may r4i•m to tbe a bgrl)% aiaap4lmpli at tion t) mtkv but A( Any othkr pertoatia

VAvVform is to bi. ut-i d a! 1- input s1i9n1.1 it vA-n bt Ft)urLi r ,inaly.t-,i into I -ýI1I

ot sine waves. he re forc b olure any sI it, fru.nt I-an be m dt- r- g aiitng thi, -.I I., t,

of the digit iLztng proct 4.-. on more g, nt:r ,ti IavatI fo , it ttt nkvci.iry t o x-1lint"

tha t i•ts of the iIng It 4i t wavi i n l t tii. Sin-. the Fouri•,a -ti'. 41 A i :;!I
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of sine waves, a lincir operition, the effects on the statistic for the

original puriodtc wav, orMt can be expreissd -s the tium of the cl.ects obtained

for each component sine wave.

2.1 The- SampLing Procst -t

The I,&Uplting process L3 nothing more than a quantizatkon of the argument

of the function %hich r(,prvstnts the •uoemlng waveform, in this Ca1 thu sinu

wavu. This proc-ss Isubjoct tu the constraints Impouud by the. wull-known

oamlping theourem which gives the relation btw%.%;n the rate at whith • si•n•li

varies ind th. number of v impling puie'. nflcdud to rcuuonitruvt it. Irn parti-

eular th. Samp•ing Thorv'm tivv that thte power spectrA of the. %,splfd and un-

%xsmplud w .veformis rtr, the s AmL providtd curtain a -ntraints un thV s.apliatg ftr-

quvnf.v art, wittifu d. When the power spectra ire the samu thtn the finrt two

statitical moUt-rts art. the vaniv- Sintv thu prf:went wurk mak, use of iinly th"

first two wtAtist&ual mMum-ntw, the ,'unstrAint, taplstaul oni tht, snimping irt.IuL:ncv

by the AimpiIng Vrh•rtm will hive to bv tmt,.S.

Th. re s.)n for tounvidtrini unly the, first and it,:tnd st ttvtL'iAL meumtt.

is thu lul lowng. 'I thv inuoming w avtorm rtprti-nts A cUIt4C0' eA t urrva-t

th.n the Iirst moment, 'al the i-amplit •e'ant, 'tpaua' nt, the iLA; ctnmpnunt of

that volt age or currunt. T-,.- und ftnum.,,t rcprt-.,nt- tht total pestr ahLch thit.

voltago" or curr.nt atuld diSSIpatt in a I uhm r.-3iitr. th, 'quirv rot of this

quantitv 1-6 tht W VAIUlt of that VOltAe' or .urrvnt. SUbt Fr Ct Lng the square of

the simple imtn Irnro thu swcond mumuotf gitvvt th. altt.rnatifng I)pu-.r which that

wawv(urn would dlIspgtt' in I uhm rtiitor. rho. 1qu-1', ru•,t of this qu.Anttty

glvyL Ohv AC comp-itnt of tht wivt form. C(n'•tqutntly uIn;t ti., c.ritrca-l signalz

are usuallv t'hir ct~r'r? at t'v tht;ir ivtagv, peak, tnd RMS VALvL.ua, only tht (Lrst

f •and second wntnts n.ttO b.. ,tudttd.

t~
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To simplify the atilysls which follows, the incoming w1vofoM IS conuidored

to have zero maoin vAIue. That it. tho first moment is avsumcd to be zero. There-

fore only the sinusoidil component will be studied.

After the waveform his bcee simpled, each amplitude iv pt rturbed by ,ho

quantization process and thiv in turn will perturb the value. of the sjmplv

statistic. Consequently even ii the constraint on the sampLing frequency is

sitisfted, a4 requrvd by tho S.Ampling Theor- a, thi will no ionger be a -AufficLtnt

condition to guIran.te the cquivalcneo of the S mple vAluts and th,. true vilues

of the statistics. HIowevur, the constraint doets providat lowar bourd o'n thL

s amplingi frquency since, if thtru wore no quAntizitiun, thi, th.cortm wi)uld bi

sativfl*..d and the values of thu itittastics would be the vfnta

It f I Is thv highest frequvney componviit or the, bandwidth of tht i.•comtng

signal and it f 14 the rat, it whtich the, simples ire taken, th,,n the Simplinat

Theorem r'quiras that

I .- 1f (R. I
1 2f

That is, at Ivsvit 2f unilormly spiaced ititpics ,a'e rqiutirvd %vvev -,'c-d to

rkproduc't the st at tat 1et4 ol the .s tmpltd1 wtvvform, wh% a-. thO 4:'ap)lattwit i It a 4Lh

t. mpl. tame hive not bt%.n parturbed by the q|uint i•i•ton proct..i . cont-i quat IV

it will b' mntc'• sr trv to spec fy the bra.dwidth of the inCaUMIa1a,', tS~til 40o th A the

lower bound on the 4ampling rAte can be detertinvd. This 1-4 a p.trticul.trly Stfl)l

ositter for the csvo undcr considerA tion ,4incts the 4tr" w.,v,' iq (cte.invd by a

frcquency. Sampling must occur At le-it twica that fr.qua'. resultnt: I" it

larat trO s4mp1al par period Equation f3.l) can bi rewrittc"-. a'

, 9 f mherv 9 2



j Tho poriod botween l.impling pulsce is

T t_ I
9 f sf

i The argumnent of thu function Isd x wherc

x t W t and A x wA t gr f a t

The tnmi. bvtwo.-t ismplv. ti at ind thtrtur.,

t F st

Thvrofinrm, tht, q4mpltd trjgumgwnt Im

A wht re' 3 :.

and

x (1 A17 1)I 2 S (2.2)

The quAntity 3, the numbur in kmpi..-j pur pe*rtu( Lw onv of the p rAMOntUr'd

of primary Intereit .

Sinhet' the wivttform wht.h will be Lonwadvrt.d throughout thu rest of the papte

are pvrioudc, they can slwiyo be defintd Ir termsd of thu argument x. To simulate

the sampl'ig procevo on the, computer, ther••ore, it I% nect-siry to stoit, the

muthcmftacAl dvwuription of f(x) for all xt-ttwvf 0 and 2 ndl1 out the%%-
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amplitudes given by f(3it/8) where the number of samples to be taken (I.e. S)

Woiu ben specified at the outset ind I is allowed to index through values from

I to S. The computor program which wis developed wis a direct ipplicstoun of

thbes two steps.

2.2 The QuintSaztton Procuss

The most if.nural equL-*ntvrvdl quintizvr has the tratisuir chiracterLstics

ohown In FIgurv 2.2. This qudntlavr can be dvEumpused Into a svyte.m containing

ihifts, gain factury, And a unit quintLiur (AV 1, a I, r w 11 from which i

mathv-atical vxprvsei-in rvlAting tho input and output w4vC[orms can be derived.

"This his beun duno in tht. pipwr by D. 0. WVitt"2. For Iho prescnt It is vuffIL-

civnt to utillav only tho follome"g rvtult If 1(,%) is thi. input %avvio Mr and

q(a) is th- quintisvd output %wAvlurm, quAntizAtiun occurs wh-n

- I:I M ( 1) .SV n - 0. 1, 2. ... fJ.3)

whvro N is thu nuablr of e4u•ntlstlun I•s'vt on vAch !i'k of the.-ir.. .;inpiitudk

lvvv . The rL-.ultieeg output to

.4(1q) 14VY iI f(x ,. 0 0 _

qlx) *n.Y If I (X) 0(.)

Figurv .•1 illuttratue thie minnur in which the quanttzation lveli .r, !e i gnmd

fur the vimph .jlv c hen 1 .1. Tht quantiattiun interval I•V is 1,M wt-.•r•' N it

Atiually only ol thL total numýLr of quAntitition ILvew1s usvd vinc' It rv.ft rs

g :~
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Using Itquaion (2.3), (11.4), and (0.8) it wal possible to Jlnulat* tiii

quantliztion pr,.cos on tha computor. to obtain the analog of the ulstiro

dilgtiiLng prouvijs (i.e. %A.plng 3n4 quantlsing), it remains only to combint-

the t*o proc4NuL, Juiat considurtd. In fact, tu only revision whitch hay to, bt

madcs IV in I vqtatgn (2.3) whurv instead of quintisind f(x) for 4.l1 x, only

r(2mi/l) nwvd bc quntLiz'd for Cho ritwpuctivo samp|v irgumnntes thi-h aro obtain'li

whn I &ndLsiL from I tI 8. A nampil', i-llUatiun will bu L1)nqilvrl n~xt in nrdur

to illoultr4v the main IJointv oil Cho pr4&idlilg dipLuviamn,

2.3 S•molu Cl.••ulattin

(0s) . i~n(m) U L X - 21F

SUpap•nt that I t%) i-i t1pl'iJ at 4 r.tt, oil I) ow Ipitc r'r itpriow, C, I iU) A1W

.t totul of U 20quAnt•A•u i•in I'%vv.1 .ii un'til (i•I, N 10) T its Iiic I mkn " 0 Ii,.

.Illiu nI l it 5

A 1 * j 10|() 0. 157 1 iAi1aji4i

MhI. jI. fao it v aih a mpl I ime'

KIt 1~.1 1, (0. - 1P l 1 40 1in i1 Iisr 1 3 • , I u

Tht qua4ntiAinig Inivrv.%l I1

.V I * I/I U U'



The analog of the. ,sampling and quantizing proct9s is therctore given by.

0.l(n n 2 -. -) .0 0, 1, ... 10

ind

q().137t) 1. O.In for -4in(0.157i) 0

I
(1(0.13i71) - ).In foar -itn(0.157t) 0

T rhvrulttnC ditgtit.'d ,utnt. wave t!4 il-i4trated in I.gurt 2.1. rhe amplitudeti

obtlt nts 3it t. ath .4raplt. Itimt ind tht. soluir o)f cih of tht. t .xmpLittjadt.4 were

s4ummed oiv.r sIII 4Ml)pl tintM, Aand the* f1oiI,,•in r,,4tlt-4 wert )ob:.atncd

1 15)
. q(O).1370) . 4)

V.4.tfl g thu*e I t"it tht s,%mphl -4 t i ,I"t "t t'. c. .%v I i al. t 4al cu I % tluW4

t .10

4 imp14L mt. In ! " . 1371)).)DO" _ q(0).la ) -

I I)

IM It Vt Aik q 0 )15)7• 1 (4.mp 1 ,L-mt in)" 0. .I,943
- Impli. 4ft nd v (to,'v . v tIit.o4unpl. 3 7t



Using the probibLILty Iunuiton for the sine-wave process the true moan and

variancc cin be, calculated. A measure of how w(.ll the sample vilucs compare

with these true values can then he matde.

[he probibility 6tstribution uft'ntinn rror the sine-wave process ts

(ct Drunck 3)

X

Prx(t ) - ! -it 1 x - x
77i - -

,%nt thr prub hibkItty dinwitty fttit'tt it 1-4

I'0 x~
I)( X(t)

rhr I riphi of t ht , I it i t turn. a '•, L It| I ti' tt I " td M V I gUlk' 23 3 t" ltg tht'- " r1' -

.iatIi)o • ths.- trut' m jin 1,&

.!

andl t ha.' -4eoitid nmam. it t I'
. iT 2 W' X- (IX 5

01

Tt.a.o,'thi vuit.ihi I • i1 I a

Therl' Cote" tht- virtaun ,t t-4

F.', x() - L(tt)C t 2 .3

nhl IhtI rs.4ulit4 t- a at.i•vdlrul divI itlon ot 0)707

#p
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If a clnoccr look at the digitizing process for the sine, '-v- Is tjkt.n, it

will be obtierved that when thc ,itn( wive his zcro phasc it iiw'Vy has zcro

sample mein for ill v.kltci.- of S. For cvcry posltivc implitude there L" I

corrrmponding negitivc anrplitudc of the sa.ne vallu' :znd thc rcstilting cum will

therefort alwaiy. be /,tro. If the ctne mavc 04 4hitut4d with r(c-ptct to th, t 0

4x.s, then the ,ample mo.in will bv zero only for evven values of S. In both I as'. ,

when the sampled ind qu.,tizezd amplitudet ire squtred, c.incIlitlon cnrnnot o(e.ur

ind the simpli virty nt.e hi• a vilhc which in ge.*nerl tij not equil to the. truf

value, for ill S rnd iny phi,.4e D'cciui-tv rcro pha-4' h i4 bcen i, 4-4ta1d for thi ,•tI

wivt, unlhr e•.'l•itie r aton it will be, nee'-e4ary only to ..ximiniv thi ,,rrort In thi.

ei~imple vanri inct, 'tnce the. mi ini ei zvro for .%ii S iq piltcnte ci out above, thai- em nor

i1e be'.t hlc'ertbid In ttrr-.r of the ,4impi. l t tncdard devi ation itnl't it ha,' (ftr.tnf.itoi'

wht•ch ire more in, ir~inlnful phy.t till.,. tf the -eint: m vt t-i4 a vodl igt, for oxmnpl,.,

tht '4t dtI. aeI etc vI Itlte'lt 1 | al4'e hIt ve the' cIt-icnt1 i:4l' Ofl V lt ,1

In thti, •a' t, tht p.r re' nt kv' a rroir in thq. 4t initid do vt •ti•n t- 4

0 - I.7" --i 4t 707
0). 707

Whmni -r.o'rt ig r.tn r.il p'riodtv w.avvtfolm 1.- een.',ttletrtct w lhi.h ht,, uor t|' .1, o-t

flt(clutnty c4omplr cnt. it ii l'tc t it) cI'hfinet, the1 plc t'itc N I't -U|l in t, rIm' (it theu

virt1 nce. A-4 hi- me 'se.icy bttn pc)1 nte t tlout tht, vii'• ne't teulmet. pcaqdte
4
. tio thte Vt

po•er dt-slpatp d tit i I ohm. r.ls.•tor whcn the ptJ,',,-,, x(t) rI'epr.'.tint4 i volt.age

or i currtnt. Stro.e the., totil A; pwter of the periodic w icVe•iI 1-4 the •um of

the powcr.i ol inch ir-elutnt-v compont t, the tot ii viria- nt. ill bt thi" wnim of the

vil cncv-4 o31 tich 'ompontnt --itc wlvt. Miing tii-ju of th, tl{. ai It 14. ptl%4,Ihh

to ( xttnd the rt-40l1 obi..icn for thie -4'i•l ,-tinc wlv%" tcc to psttdlet' the re-

-tmtst for 4l1ightly innr,* a'antril e'•es.

..........- ..
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Although the computation involved in obtatning the above results was quite

simple conceptually, Lt was very liborious and time consuming. Furthermore, the

results were based on only on, valuc of S and ocr value of N, while it is really

necessary to know the behavior for miny v.xlucq of S and N. It was possible to

obtain a rather lirge quantity ut data in a relatively short time by programming

the computer to simulite tho digitizing process in the manner just described.

Tho suction which follows deals with the analysis of this data.

I



I

3. EXPFRIMEINTAL PROCEDURES AND RESULTS

Miking use of the computer Analog of the digitizing procc.4.i nltvclopcd in

the prece'ding -(iction it w3s po!e'ablc. to obtatn thc difference betwrin the

v3luv, of the stjndarrd dtvaatto, c.ilculitcd for thu unp'rturhea wivi.-fom an.d

the corrcqponding quantizod wave.orm as a function of the number ol quintizing

levi.li over a wide rtnge of sampling r.ite. It wi-j found that thvise dit fcrtncees

(Wtprvoi-sed as perc'tintag%. errors with rocipt t to the true vklw1.) tonded to b4,-

tome 4m.al lcr is thei r.umber (ti qu flntZA It in 1v..,t Is inrt s:.d. I - grt. 3.1 A, a

typical pl•et howinKg the t rror`+ which we re obtitntd whi'n the: 4-IMpling r t%, wi.-

f ixt-d 41t 20 - mplt- p( r pe'rtiod ind th,. nunhi',r of qu mnt I it ion lt.v. t,4 r knrg, I ron

I to 23d6 In this4 ,orm i t is dif Iicault to, .okusk. elI it-t'nt u!.O of th a it a

lr tht" must p.art. ttwt p.ip r t- voa.t I'.i m with th, mit tt.r of tie . rlL-rI:ng

any ttndtnit-y whitch lit t *-rolr in theI It indlArd (ilt vIit tiota nlt (it mtnt r.ate with

rt"-ptctt Io ii ltht v % tot S ind N, lhi re-lferoe A r'estlIi Lill ag 'l .1 1 .ell, whfich ,.An

bt. it-it, s, rt lu, t Ih lsjasit i ty o I da i t A hw hi i I h .a h. . -s t in IVi .it, I'a t, i A tv do r

t ht mAx imunma i rit with 1 4spv c t t o in n1naI't 1 at ng V A lIut- of N n Ito I •Isq nut tet

f igurt 3 .1, fior ixnmp It lhi I argt.t , rrtroI o) tin,.f ovir theit Alt iii I inta, orf N

wCaaur, it U. 0 ly ei IA tlntion sal the: ordi ring p-tate.-4, tlite -nallt r t airorri -'fhth

rtr obt.wintd ti or .N It- thin 6 *ill bi ng i-tht oitd !ht. l'tm.attia ag . ori '. •tw. r tht

raing•M lNlrt 11er than d alt .se a:nitl untilt fl th nt xt I lrgo-t t ttlcr i. f(tulnd Ill

thisi ve+ve this oeveurs .at '4 7 In ge. nenr %I tie.t s'rrot4 ht-t eti n ii aitt 'N 7

would be ne t-voutid, ag.,in by dtf tnit I•n of the ords. ranig pltwdur. (.'ntortun.itely

this wia 3 trivial easit bt 'it vt nto ernr(ol .t re. ot)t intt in flit., anti r%, ItI•, l'i

r ingt- fonr 4 gta: ste-r than 7 is ', ,n -t: vivid for thefi tit xt I irats. S t lror which

in thls vs',v 1i4 otbt-incd at N . 11 . As bt-forc the. qmilltr errors in thi intlr-

Vii be.'-%fia n4 7 1rid V1 i Art" .'rgLteted. fy rtps ittng thi, st ,n.nr~g prota.tlsit
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for the remainlng valucs or 14 the curve driwn in Figurc 3 1 is produccci. By

x-considering only tblc errors givtn by this curve it is a certilnty tht, for A. aac

vxIUA" of N the crrors art clthcr Icsw thin or ,lttla to tht v,|ua' -lvwn hy tht

ordanatq of thit c-urv,. Obvwous!) any ar.Al)-t1 b.tasa o' thL t.UIV itall be b,-ad

on wor.t-cs-ej' restults

It should ta, nottd that thti trithniqui. acrt4inly dtmi n.ot mcht tht mu'at

vfficatnt use' of the dati (in th( 4titittcil itrinst), but (or tha- pri -iitnary

inV•tVtiLgttI)n it OJWt4 raduL(' thr qu.intLty int cati to I morr nk•ant a bIh Itv, 1

Anoth.h r curve w 14 drlhn in th, tr,.c W4y giving Phi • .cal-t Irt r it. o t .h. n

IW imap14. 1 p t r pt r iot wt Ire t At n (i L S NO) 1'. 1(rt r- 9 2 Iac r .t rI t t41h I

cur" as •t'l| A% that plottail in Figurt :1 I t.,r S 2U rhq -rratitht ]in,-. .pr,-

'ant the kit Ii t Iiti ar ippjrox LmaLAtiw to 0hi ori nialt c-crv'.0 flh. atigni fI. int

obsqt rvat tors %hich C tn bt "t~idctin tht bt,#14 tot tht 4ae, tui~t , tr, 0'.-11 1 : 'l..:

I Thq .urv a airt .lrpsuxtna tt 1v' ly int it in tcarm.4 of1 lg 1 .1 tI I% ' ,'n

'N. bht,'rt k t-4 tht pa-rat nt Iga q vrrar in lhc *,tna tli c a!- at It Ion Is t lit

daigit1%la l 41lavvfo- I N ' as the numbi r oaf q litnt aitkg It %l -- t I h I

-4 ug gt -4 1 % t hatt thav r% I It aa' n 4 h p b-t t wn t tI', N i't at at 1, agu Ir hIp. i-

N) IA rht I t ra tight- lt r nlog plot ' gKr'a I lhv

log • - M I1 •': -h a.t t

o) r

.Asi lht 41aMpLa'g l tlt incrat.-ta .t th, E iuj% '4 uJ ' tcit ,IL.pl tad It, 1t11

atri,ci onl), o) dA.Cr•,I,4tld (rrorl.

: : .- ;;__ + + ,+ •z+: . "+: - • - .4

cl+ .. +. . - r+ i . ..i r +c Ic) c) I la cr ] ida C r lca I..I :+ :

+I
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The•e reuaslts suggelt i thrce dimc'nuional irrfice of tht. form ehown in

Figurc 3.3. Equitionto (3.1) ..Ad 13.2) riprc's-tnt the S - conot snt cro.• i

wscttons. It this surf-.it :in be, dc.4crthvd .inalyticilly the tcompomitte E-N-S

rvlatton-flitp *i11 hi known complt. L!y. Thi% h,,,lt undoubtc1ly hr ,1 very ui.ful

r'v-ilt. Thv followin"g pirgriph '!e<erlhc.: how thi i .nalyticsal txpraitor- wi-

At far-4t i rither large matrix w.i,• con~truu!cd hiving S rnw4 and V column-.

L.aih vl,.insnt r., tht's mitrix wt. the. t. rror o)btltinto for t pirticul ar vituc of

3 ind *4 whic.h (4plr•.•pond to the, -40)%rrtpt• ttf thait vitain nt 1I1.v pnLalte p lottLd

in f ilurt 3 .1 producetv the v:iamt nt- o ef I543* 21) info colum~ni I it) 256 t: iflg

tec hniquet. it•nittr to thit utql(! .htn S w•,, one Wlisd vi llt the maximntim arror-a

.irt. ajg lr n ordtiti but now with rv'pm a: t to bIoth aIntri o :iis % nol Irtc '.-ta4tni i

vIto%. . fly u-ing tht tacmputtr to ge'ntrats tht rior• I•or t aii v alut o)f S i!,t S,

, i d•,itrtho.d In (hipttr I'oa. tht' motrn wti co'nfl'tsutattd f iiia v t.*.ilv iami

quicIkly"

t *... t h

t'-Y t " air . t h r• l -2-in

A /tt.-r th.. tiot is mcnt , of h it be tn co.mpute. i .and -•tort d, the. 4% ir .h' for t he,

Ilirgi-vt %. rior wls4 i i .l ift s.d , •'i1 o.• dlone bv c omp ort i • rg !n.f m. twt I t ude:'4 of t ht

e: I rnl t ij IX ,tjel,' I.I -tortnl tht | t 'r nl ' llqt .'ti'e .itrix

%j,4 ..- !-.1d in tlt,4 wtv info thi. ato-gaat vi1uw w3.- rctwititnd Ilong with -.t- . ub-

"-scriptp. 4 Suppo,tv for atitaplt, thit 4E.1 w,-4 salot rga t el-iM-t The'i th,.
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mignitude of IE wj' storrd iis thc first olcment ip it new maitrix With its ncw

position floggcd by S 2 Ind 14 . A,4 btkidre. thso Orcce'.tinq elcunents

it In 21' C2'.1 c23 wer ignorcd. Thc computcr then 1'ruencd to the ncxt

elcmntoit (I v of 23 ) tndi repcitt.d the 4carch prectcdure until thc 'ntxt ltrgrit crror

wv# oht eine.d for !3 -2 end '4* S. Ths, clunitnt wik .1torcid -&, the-4*conti :'(mtnt

of the rqw matrix ilorng with the vilutu' (it iti iub- fpt.4 v4 134fore- (v-.. S tnd V)

rhf.4 Sie~rch ind .4toriat. procotiurte wi- rtiptjtrd until Ill the cltncent-4 ot the

origin i m~atrl. w re exhiii-4tto , A.4 I rt-Ault, tht ncw matrix gtv("e thsL point'. Oan

thi 'mixi amum-, rre'r 'eu rI .it with se 4pv. t to inc reii.4ing v., tue .4 ill S onto . I t I '4

thevrte'ieru I ctvt tiant v th it ftir viv S .ntj 4 -Lthin Ilth -apt vii eis (Irxnr the err~j

which e:.irlo be .xlpv.ttI4 lel this'ee ecceartin ito 4 iý It A.. thamn for cuitit te, the- v.ilee

gvtvkn by thv ptitnt offs the %urt eta ye A4 et-a0 arv inamlv'.t~ tie foot tht '4ior-

[lit nlex't jiri)IIte -1 W.t to ob 40tin fill tqaiu'1in fi t the tha. ' (tmini-on'.-'nit

Ivone thit, dit% teent ~ire cIil the '11.111t141 t~ eli the d oreI .ren mv'urntm ste. I I i s rt vv..

ertrwn in Piiturt 3.2 hte s itc "ceir~ rie t.e I I its lv-"e-1I dettini-de oftlitteI ilk t44.'I1'

.inie 4' %,4 given by fit iAat Ion% (I . I I siffe (.3 2) . flut. lo'se of t li e et I . 11L v t 1) (!1 1),1 it-,

t he' curvt 'e an t he of S. I,# ,, Iei at t dq e irv %d 4rs..r .4ht.n the '4.icnplitg i- to wic i~t-

crt 'd it t. ite? tonit ietom~tblete of, UnI i -t I 14 te 1 4,1tec.4 lte Iw~ Wk t c'

V4e WASI 64.11m1111tit fee F i~e N. J r. lbs-i.1 eInhe 1-.iliL.'.n the- s4 --titt, lit tiletqe i. it %W%

1, ' * 141 l1 og, 4 (3.3)

Ai,eios-ui ng t hi -c . p ltqutt dts~vrt bf.: t h E N. re.'lition, the. iaido.-.kn Lor..t 6vn". t'

vain tic !oesnd hy fitt ing & Ii .ait -iiju ero:.4 .eaf iee to the point'.' in the miximum .

crror m-ttrixc. rsiit-A x, ciw(o!- '1i1(v i %ttaltiplc V'egrc-.4-:cn .An51lvyit4 Rotirti.e on I
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Control Oata 0-20 coaputur. For the partIcular problcm bcIng constidared these

coeficients w-rt found to be.

B 1 ,-0..131t

STh uquit iaddiiijn of the Iune.-t j.mvn ci- £hrI' 14-4mpL-4 thr.otv Aidt.nmar 1~i

E I IhJ 0 1r I*iy ;- 09? +hIc

to lu

4 r
k (80.3 J)~t S~ l -..

itt inifird dov.V ¢L~ l ton 1 .1s :k tun- oill u| thv vamplkn,[ r.ttv. iid th,' nutmhi-r i•l q,in|rtl-

t z4tto~n Ivivr|.. Bly 3l|| vilnig onel.- of th,, 11Im'l o in the Itx•vt- ,quatlin. t,• Ix, ,.t)n~t.int

"%hi it- tht- oth,.r tibu t4..rm., v.lr)', it L% u-ii'y tit) lilo tinl thu+ vil'lmml utit,ý% L I+-,t 1 11,4

I

of the, .tur: tti . r}-ptcil 4-'r t .. i, o 4 hai.t b, e. n plott, it in k ligul J, I ' .I

I .t~nd -1I.6. Thv'+t vurvivl will be. %xAminvd .%nd di-,scu - 1, 1 in the ?I#'xt %vt't-tln.

i

. 'J



.I. A DISCUSSION OF TH E OBSERVATIONS

It Ls importint to first cx.aminc Figure 4.1 which gives a comparisonof

thv. smoothed curvce obtamincd from the regresooion anilyts routine. and the

vurvc.4 plotttd using the riw dinta given by the mktrIx of the ordered maximum

.rror-, (ord#er-d with r.pLect to incre-viing N). Mhe r(sult'g art Loncour'i1lng

')LU&uu the devtation bvtweLen the two curve,; is relitively ,milL, mnd ovcr i

large portirn of the, range of X thc rtcgrcqtonn lint.4 lie ajbove the actual mixt-

miim %rror#. A- a rI t ult, the rvitrut.etin .I- itiora (v.rt.itnily vio.W-l t11 r4t-

V.l4, rt.'uit fhi tUI'vI - pltotud in figure ' -1 2. .1 . .dand I Gl irt 414o ,-t4t-

i ot"' -4in't they at-rt ohlttint (I rfro the wam,- regro-i-ein u'qjuit ton 1i that mn-

t tund citxive. 1t'it 'l.ore" 1lgui• . .1 I!vnd'i ju ttltfvit itin to thi: oh-.ervtiton-

Ilid vi i'tf•| lu tor nts rflt o tt m :W,%i i a th:- 1 4rv o the t 4 Obt -title d U-4 Ing 1`1I.. r

rhMe Ii rit ol 'he t. a tollrV 4 t- III ii t-it rat tl in F&gure I r .1 , t tia it t #1 mo 4 t r tit.

the- 4 tft.t %which in lntrl i&td .4mpling rote- h-4 in rtdual•:nsg tha p, rie-nt ag-t.

trrisr- for & rlsnge tf' vslut% of q4 tnt Li. Af 1o0 It VCI'd 1 In .i!1 I '.4,4%-" tl-re I% trig

hte' -ampling root, 4i grtnft tntlv rilduecd th, % rrl', Ft In lt %t inhl ad dlulVit ion. f
A (iliit itivt e.p1l sItttOn (It thai4 situla will b. gtive" In lihu t0ll-t11:a, pal i

grarph.

A. hvi be.:n potnltat out prtvitotli lv in %,ofnl. t•:in woil' the Si• ipltng 1httoltm, ,

the 4tittI4tlC,4 (it |ct at tho.t b.htId on th' fir,,t I nd a ,n 'ontt ,ltc t ntv4t ) ti iny

waveform -ire chelintd by it-% po',€.r -4pectrum. Simpling th" wivelorm in ttmta ein

bi: looked on ,as U.#iti' portiont4i of the ,aret untdt-li the powtr ept st rum to o'mptiti"

the %qtittoltico. !1 the 4tnmplInt9 (lcqutni'y I. too low. not .11 of thk .rvs utnder

thv power ospectrum t1 uttlizsd 4n(t th, r,,ultsnz villlt'4 of the oot it.ittc.4 art:

S~I
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In irror. If hi. -!impling frequency is high enough 111 Of trnC ac-Ca Ls accounted

fur tnd thu' st,.,i('v of the ivt.npl.c .ina unsimplcd wiv(formYs it-. the same. As

ihnwn in Figure I 'J th( pouver 4pc•..urn to# he inc &•vL,' tonfitfis of two spikes'

at I rtqucn(tL-s' I i-d -f By timpitnic it tr~ql'euicc'- grivrrr thain or vju~aL to

21 m1u at1 hth pu,•¢r -p~trum a• W.Ia:L tidt( for Ird Ihi. •f lZtlt~t s. of thz szmnplA.m

and un-,wrplcd ci nt asieti iri thi- imt.

:i IcII-hikrow I1 thit quinttzlng t"i( 1lfIuul41 Implatudti .j1d4 nollo* I,) the

Iwbvt I orm . II If r % tip Iu thL% no•, %'. ic-umud t) hi w1Stt and LrflD p•fil•nt.

of tht: A |t wcv- *- I..• . t M I L i)tr 4p, l. tca- lor th,'i clti tl tc .d* v tor'm |oak'4

itk4 lhit %hmn fl n ;Iý&ust I 3b I th, -t if:' 1 Ita f'o flit. di i t izc d wivt lllform

6 i to N( i 'hi 4 i . i-A- th lt hIh ort nta'.l•- .fln itv. Ih111 th- ' 1 .imp Iina Ir,-

qut.nýv *iuld c1 . 'i • l I-" arl tr t*. IV high - 1"? .t i i , t Ca I's,'.I hl I t a-

j ' mptir.bg I ltl•a ttu " a in, .rt. ci, tio v loit - ic r t -I I Ti h •C .. I -a f it th it i i talt r

th, piwtir ".rLtiu,; . .I L c. .v i. iC ' h -t .t' . - •.111 qiplril,h 
Tm

rt

4(I|awi V th~ir teut vbc-L . 'h hi- i.o, tI - tor Iht - lap, c, Inc t ialVi a pltt.d i In

*'I git I 2 %-h th L.Ii-Ir . , ttlc1tv I* 1", ill .t 4 111a to t bt h '-ail.: v 1- till

viimplinfla iat, I"in ln rt i cit ltwvti i ciii' lg, rktli- t., ''i~ rt .&i t a-. I ota I ii

I n th I lita r atu -i

Alit)-hi' I~i r- i a I %I II' I t -U I f U a --lig ta' ~ti:11at I I. h, -t k

II

t.I�Lut 1 h i l.t .. of iL n' a. , "19 1 1 ilc I| ci, IJitt•tIZ 0t1)" 1 ,'j Ill Ili*. Ic..ac t-V t - kh i

rA n .j c h r •i thi 0 .1JA I catt thisi. 1 all•i1 wi t'l 34 ItPOb 11t%1I .Y FLt) , .I.

,r]t Ia i acu IIi'ta'ii fi.ii ttfi0 h milul un1. ra

i I
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"FREQUENCY cps

FL6:ur. I IN,.v.,r -,.gi.,' ttrtum Iir . ,, . i, v,

POWER PER CPS

to j f FREQUENCY Cps
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S• l5 ilustr.,tri" thi. bvhavior of ,1mpic or quantization no s ,t the error is.

itvqn by tht alut. rtnc• bc-twctn tht jmplittidL of thu ... tujl Wlit.l)rlM Ind the

qUant zitd ri 4u1t . Obvzu-sj'ly thi . trror ringci Irom - --' to - -. , The, ,•vrtgC

ýcrror wall bt zLro Th, uond s'ttt-4tical momtnt •% gtwt'n by

tol'

t. 2 . 2 1• , itt2

Fus P(%. I t,*

t hn t th in. i tn trror a , ' ro. thht .u[ US . ,,r i- i kh .v"t
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fu b. irlit-hi ith i t ,thrt 1, hsaoi- - tht t ,.s. -if th-, 'I t po. I tI L lk 1."i I ItIII I

tht %qu srt Is on teiuto I - tend t i rý puAin 1 % -m l I to 'a t th-um ltritu 1 1 ni tiv, r. rkl

no mo at. thi at ii p I ttV*u o ip.i I~ .tt-1iut

7.% h t final ob |- th o tin|•l tl lll| t.li r q•I 0 , V | .1 ig t , tit i I lt Mrl Itiklý ij ', o

nuti tht rr fti ItINlI' I tIlt t t e! I t ,' t• h A I ,I pi i'l. nl 'l,011d .
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5. CON~CLUS IONS

Ithe curve-i ni Fig~ure .1., htLh taivo dornonstratvd how the percentage errors

in the st inctird dt vo, ation b-L twe.#n tht, purturbcd mnd unperturbcd wavelorms were

redutluicd when moro. q~iunt zatto iol Ii t's were ustd, h.-ave' Ikevn explained by treat ing

t he. eqU tnt zit on procece'4 14 ono- which idds I not -ie vomponcýnt to thi' tampled

Impli 1tule. 'i. The. atdv~antige of thi-s me.thod of ianly-iti IL-4 obviou4i when quanti-

t.it ivot ratht-r th-an epa li~t itivi vvixptI.fanatton4istre. de t red. When nn 'ae is the -sub-

joe(t of I.4t stj-4t Is I 'a an~alIy-aii4 tihlt- r-.'sel i ~mprovt iq flihv numbe r ol 4amp les

inae'rvt-m41, (thait 1-4 a4 thc. number of quawnipt tion il.VV.-t knere. i'a.'') -The.rt. lort-,

it mic t4e. Is nte'rvoftl in ht liii er'neliatm t tooel thceoret icti. bals~. for the mampling

Idtilt qin IIzt tlt to preve-'e4o.' 4 I tI -I i t) the feiton o tho :1uthor ht thi1s114 io mu I at Ion

'ihotifitl lt.c 1314t-I4)1 filIIth t ot ion fit prebib t~l 1tv and -it itt lti hl the orty . l.-~ further

Lflvi-t Itatitief u-4itig I t1114 -ippro tIth L nt cre'ýt -41 read ult 1- rc ru 1- I-rre-i toe 1til- p) 1ap r

by W.Itt-' Ahith gIve4 '4 1 airly wriot rait I r,,ie'm rt as- to how tine mfg~ ienh'

'4t it ItIIIv qJ16 tai i i llt L ý ~laliti thet- prlot -. 4 -14 .' m A 11~ th fIl .1 ic de11 lit A %I-,- 4%uh~jtttuI

tit bsoth 4 ampIttig soald ti1 tivit 1/1itlola

r'l-iraiaheut thl- pi aper on itt. :ipt A a' ldt 'Abel.1oie. e' pils.. IbIt , tO Ooit'ut

to ilv I 'i 4t aI II ; 1 1v IIe itl te i ef to) 'ligate , I I c ill 11) 1, *.bi'i .~ 'Ii ae a. .i '~ i.11

Ilth i~rv . In I tel I I'th li-lave-'. dittin lit F1a411uvo. ' I L2 , 4 -I, Ind (1 *IA; irv. kxpre t- t (II I

to I-1si Il tilt -4 tiplto. -it aund mtilt tit '. t l tloll, It . I I I) to l 1,4 ill 1 '11t I fill ~t ilt I I.

Plot voinc W 4 Imli-4 vah I% It c it le du2 %lle eo" th his 1 s A i4 L 41 1Ill, 1)l' it t., I ig 'Acrk t rt-

thu. e Isillwiili

1 -4 a '1 ill- % IV 1-i 1 '4 t 0 It. 4 'li Ci3It (I $lift till tlit t.". (1 th l it I,. I ait Lostl lie twi ittl t liv-

numbi r elo altojit I I I mlI t Iainf t t, vt' 1 4 art: I lit ;~ umpl I 1~ -1 ' r te' *ht tell -1. lit? bi, 1ý;i v tl to produce.'-}

I- rrorq in the' - ample' 'at itrdird. de VIittioflIn . t h.1za. i i.j ti ll Va itit- LA given bv'

the' urvcr is( cit ta ttaeI .10 oahtr o''. maic vurvot l''i.L p tltto.tilast-i, CelI .ontant Viti U2of

a1
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this error.

2. !Th application of the qu~aeatizatioti proces-4 to the £inapl-d WavefOrm

has thc effcct cof adding notse to that wavelorms The cffccts of this roist: are

rc-duccd by incrcsulng the number of quintizittion levels or by incricasing the

sampling rite to L valuc in cxtt~cv% of that zp..ccafid by the Swmupitrim Iheorcm.

As a rtsult it is posvibic to rctiu..x the errors in the valui.ý of thr stlitistics

intodu~cdby quatatizition by inceraoing the: i4timpling rat.. beyond its lower

3.It -4ttiav that the mit,.t fruit iti eppro.iih t- th- th..o,.tictcil ii-ccy of

thi.. proablem iiiiiuie b% to a xtt.nd the- %%ortc done by Wt,4 to tht Cl*bL aht rt: the

bound.P on th.. liumpli ng rativ .ana nicmbt r uf gittanti ie t tit 1. v' 1.4 be e~um%- para&muters

in the & capre .. -4.'ro foir the prob Olti I & y fune tonn.. Mhe 4 t it ie -t i c,4culd then be.

tviluil-d At tunttion-ii of aI. h-%, p irim it r-4 and comp it 1 i.. rir..t y W ItIh the t rise t

V 11114- Tttts weouli be 4n *,tt sra.itl tivo. tu re'eult ..intv~ th-, i.pre.-iwn' f'.r the.

digt t 1 a.4t *AVL tLibi L: pr.. plA~rIMAtt IV tin tht p ilbati't itat Stti.~c.t .io% M~ til un.pa-r-

tulutj.u ..Av flia-ii. rhc a.. eaait watilli tit. rit. App~ttutit tbit l.% l proa4e:e 4%i for

%hte:h prealba~telty eji~itrltibt ion ..uule4tA b foundi
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